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Resonant Raman Scattering of Interacting Two-Channel Quantum Wires
Hyun C. Lee
BK21 Physics Research Division and Institute of Basic Science, Sung Kyun Kwan University, Suwon, 440-746 Korea
Resonant Raman scattering of degenerate interacting two-channel quantum wire is studied. All
collective excitations of two-channel quantum wire are shown to give rise to peaks in the polarized
Raman spectra near resonance. If there exist certain symmetries among interactions, a resonant peak
can also appear in the depolarized Raman spectra, in constrast to the single-channel case studied
by Sassetti and Kramer. We also calculate the explicit form of the scattering cross-section away
from the peaks. The above features may be experimentally verified in armchair carbon nanotube
systems.
PACS numbers: 71.27.+a, 71.10.pm, 78.30.-j
I. INTRODUCTION
Raman spectroscopy is a very powerful tool in inves-
tigating the physical properties of one-dimensional (1D)
electron system. Especially, it can directly measure the
dispersion of collective excitations [1,2]. Away from res-
onance, depending on the relative polarizations of the in-
cident and the scattered light, the charge density excita-
tion (CDE, parallel polarization, polarized spectra) and
the spin density excitation (SDE, perpendicular polariza-
tion, depolarized spectra) can be identified in the Raman
spectra [1–3]. Near resonance, additional structures have
been detected in both polarized and depolarized spec-
tra [3], and they were termed ”single particle excitation”
(SPE). Sassetti and Kramer pointed out that the SPE in
polarized spectra could be understood in terms of the spin
density collective excitation in depolarized spectra within
the theory of 1D interacting single-channel electron gas
in Luttinger liquid approximation. They also predicted
a broad incoherent structure in depolarized spectra near
resonance, which appears due to the simultaneous propa-
gation of CDE and SDE (in other words, spin-charge sep-
aration). Thus, the resonant Raman spectra can provide
many experimental verifications of anomalous non-Fermi
liquid behaviours of 1D interacting electrons [4].
Two-channel quantum wires attracted much attention
recently motivated by the carbon nanotubes and the
spin-ladder system [5,6]. It is natural to explore the
implications of Raman scattering on two-channel quan-
tum wire in the perspective of the above discussions. We
have extended the analysis by Sassetti and Kramer to the
degenerate(See Eq.(1)) two-channel quantum wires, and
have found some new features which are qualitatively dif-
ferent from the single-channel ones. Our findings are: (a)
all collective excitations of the system give rise to peaks in
the resonant polarized Raman spectra. (b) If some of the
collective excitations have the identical velocitites owing
to symmetries among interactions, a peak appears in the
resonant depolarized Raman spectra, which is contrast to
the prediction in the single-channel quantum wire. Our
predictions may be checked experimentally in the car-
bon nanotubes, as will be shown below. The above re-
sults should be compared with those by E. Mariani et
al.. [7] They have studied the resonant Raman spectra of
non-degenerate two-channel quantum wires (i.e. a finite
energy gap between two sub-bands). Their results show
that only collective inter-band spin excitations with posi-
tive group velocity, apart from the charge excitation, can
appear in resonant polarized spectra and that only broad
features exist in resonant depolarized spectra. Because
our system is degenerate there is no distinction between
intra- and inter-band modes apart from the renormaliza-
tion due to interactions.
In Section II, we describe a model of two-channel quan-
tum wires and review some results in the standard Ra-
man spectroscopy. In Section III, we calculate the res-
onant Raman cross-section and discuss the implications
of the results.
II. MODEL AND FORMULATION
As a representative model of the two-channel quantum
wires, we study the ”forward scattering charge model”
(FSCM) of (N,N) armchair carbon nanotubes proposed
by Kane, Balents, and Fisher [8] and its slightly general-
ized model. FSCM neglects the backward and umklapp
scatterings, and as a result the Luttinger liquid descrip-
tion of FSCM holds above a certain gap scale [8]. Such
a condition is implicitly assumed to be met. We regard
FSCM as a model of typical two-channel quantum wires
in Luttinger liquid universality class rather than as a mi-
croscopic model of carbon nanotubes.
With the above reservations, we describe the model. A
discrete quantized transverse momenta leads to two 1D
metallic bands with the same Fermi velocity. Following
the notations of Kane, Balents, the two metallic bands
can be described by the Hamiltonian
H0 =
∑
i,α
∫
dxvF
[
ψ†Riαi∂xψRiα − ψ†Liαi∂xψLiα
]
, (1)
where i = 1, 2 labels the two bands, and α =↑, ↓ the elec-
tron spin. The Hamiltonian (1) can be bosonized in a
standard way [4],
H0(θ, φ) =
∑
iα
∫
dx
vF
2pi
[
(∂xθiα)
2 + (∂xφiα)
2
]
, (2)
where ψR/L;iα ∼ ei(φiα±θiα), and the dual fields satisfy
[φiα(x), θjβ(y)] = −ipiδijδαβ Θ(x − y). Θ(x) is a Heav-
iside step function. The externally screened Coulomb
interaction is
Hint = e
2 ln(Rs/R)
∫
dx
(∑
iα
ρiα
)2
, (3)
where ln(Rs/R) is a parameter of carbon nanotubes.
Since the Hint invovles only the total charge density∑
iα ρiα, it is desirable to introduce a charge and spin
channel to manifest the underlying symmetry.
θi,ρ/σ = (θi↑ ± θi↓)/
√
2, (4)
with similar definitions for φ. Define also
θµ,± = (θ1µ ± θ2µ)/
√
2, µ = ρ/σ (5)
again with similar definitions for φ. As defined in Eq.(4,
5), the new fields θa, φa with a = (ρ/σ,±), satisfy the
canonical commutators [φa(x), θb(y)] = −ipiδabΘ(x− y).
Now the total Hamiltonian H = H0 + Hint can be ex-
pressed in terms of new fields θa, φa as follows
H =
∑
a
Ha,
Ha =
∫
dx
va
2pi
[
g−1a (∂xθa)
2 + ga(∂xφa)
2
]
, (6)
vρ+ =
[
vF (vF + (8e
2/pih¯) ln(Rs/R))
]1/2
> vσ+,
gρ+ = vF /vρ+. (7)
vρ− = vσ+ = vσ− = vF , gρ− = gσ+ = gσ− = 1. (8)
The Eq.(8) specifies the symmetry of FSCM. For generic
interaction, such a symmetry is not expected. We have
deliberately written the Hamiltonian in a more general
form to take other cases into account. In the following,
we will use the general notations assuming no special
relations like Eq.(8). When the relation Eq.(8) plays a
crucial role, such a case will be treated separately. The
propagators of boson fields in imaginary frequency are
〈θa(k, iω) θb(−k,−iω)〉 = δab pivag
v2ak
2 + ω2
,
〈φa(k, iω)φb(−k,−iω)〉 = δab piva/g
v2ak
2 + ω2
,
〈θa(k, iω)φb(−k,−iω)〉 = 〈φa(k, iω) θb(−k,−iω)〉
= δab
−ipikω
(v2ak
2 + ω2)k2
. (9)
The propagators Eq.(9) are all the information we need
to compute the Raman cross-section. Next, we recall
some basic facts of (resonant) Raman spectroscopy. The
differential cross-section of resonant Raman scattering is
given by [1,2]
d2σ
dΩdω
=
(
e2
mc2
)2
ωF
ωI
nω + 1
pi
Imχ(q, ω),
χ(q, t) = iθ(t) 〈[N(−q, t), N(q, 0)]〉,
N(q) =
∑
i,α,k
γα
D(k)
c†iα(k+ q) ciα(k), (10)
where nω =
1
eβω−1
,q = kI −kF , ω = ωI −ωF . ciα(k) is
an i-th electron operator with momentum k and spin α,
and kI(F ), ωI(F ), eI(F ) are the momentum, energy, and
the polarization vector of the incident (scattered) pho-
tons, respectively. The electron operator ciα(k) can de-
composed into the chiral fermions ψR/L;iα of Eq.(1).
The coefficents of the scattering operator N(q) are
given by
γα = γ0eI · eF + iαγ1 |eI × eF |,
D(k) = Ec(k+ q)− Ev(k+ q− kI)− h¯ωI . (11)
Ec and Ev are the conduction and valence band energies.
γ0 is the transition matrix element between valence and
conduction band, which is assumed to be constant. The
spin-dependent term γ1 of scattering operator N(q) orig-
inates from the spin-orbit coupling [2]. The spin-orbit
coupling is supposed to small in carbon nanotube sys-
tem, therefore, practically the spin-dependent scattering
may be difficult to observe in actual carbon nanotube
system.
Away from the resonance, namely, h¯vF q << |EG−h¯ωI |
and h¯ω << |EG − h¯ωI |, the momentum dependence of
D(k) can be neglected. Here, EG is the distance between
the conduction and valence band at the Fermi point.
Then the scattering operator N(q) can be simplified to
[1]
N(q) =
1
EG − h¯ωI
[
γ0eI · eF ρ(q) + iγ1|eI × eF |σ(q)
]
,
ρ(q) =
∑
i=1,2
(
ρi↑(q) + ρi↓(q)
)
,
σ(q) =
∑
i=1,2
(
ρi↑(q) − ρi↓(q)
)
. (12)
Depending on the relative polarizations (parallel or per-
pendicular) of the incident and scattered photons, only
the charge or spin channel contributes to the Raman cross
section, respectively. This is the classical selection rule
of Raman spectra of quantum wires and dots, which is
valid in the lowest order of h¯vF q|EG−h¯ωI | ,
h¯ω
|EG−h¯ωI |
. Close to
2
the resonance such that h¯ωI ≈ EG + h¯vF q, the momen-
tum dependence of D(k) should be taken into account.
Following Sassetti and Kramer [1,9,10] we expand the
1
D(k) to include the momentum dependence (assuming
back scattering ki = q/2 and decomposing the electron
into the chiral fermions), and we obtain two leading cor-
rections to the scattering operator N(q).
δN
(r)
1 (q) = −
η1
(EG − h¯ωI)2
∑
i,α,k
×γα vF (rk − kF )ψ(r)†iα (k + q)ψ(r)iα (k),
δN
(r)
2 (q) = −
η2vF q
(EG − h¯ωI)2
∑
i,α,k
×γαψ(r)†iα (k + q)ψ(r)iα (k), (13)
where r = R/L = ±1 and η1, η2 are dimensionless num-
bers determined by the detailed shape of bands. The
operators δN
(r)
1,2 (q) can be expressed in terms of den-
sity operators ρR/L;iα by using the commutation re-
lation
[
ρrs(q), ρrs(q
′)
]
= − rqL2pi δq+q′,0, and then can
be bosonized. The bosonized form of δN1,2(q) =∑
r δN
(r)
1,2 (q) are given by
δN1(q) =
−η12pivF
L(EG − h¯ωI)2
∑
p
[ ip
2pi
i(q − p)
2pi
][
γ0eI · eF
× :
(
θρ+(p)θρ+(q − p) + θσ+(p)θσ+(q − p)
+θρ−(p)θρ−(q − p) + θσ−(p)θσ−(q − p) + (θ → φ)
)
:
+iγ1|eI × eF | :
(
θσ+(p)θρ+(q − p)
+θρ+(p)θσ+(q − p) + θσ−(p)θρ−(q − p)
+θρ−(p)θσ−(q − p) + (θ → φ)
)
:
]
. (14)
where :: denotes the normal ordering with respect to the
filled Fermi sea.
δN2(q) =
η2vF q
(EG − h¯ωI)2
2iq
pi
[
γ0θρ+ + iγ1θσ+
]
. (15)
In passing we note that the correlation function
〈δN1(iω, q)δN2(−iω, q)〉 vanishes because it is the ex-
pectation value of odd powers of boson fields θ, φ, while
the Lagrangian is even in θ, φ. The correlation function
〈δN2(q, iω)δN2(−q,−iω)〉 does not yield interesting fea-
tures, so we focus on the 〈δN1(q, iω)δN1(−q,−iω)〉. In
actual computation we use the imaginary time formula-
tion, and later analytically continue to the real frequency
ImχR(q, ω) = Imχ(q, iω → ω + i0+). At this point, we
are ready to compute the correlation function ImχR(q, ω)
with a correction near resonance included.
III. RESULTS AND DISCUSSIONS
The calculation of correlation function is rather tedious
but straightforward. We do not show the details of calcu-
lation, but focus on the results. The correlation function
are computed at zero temperature because most of our
essential results do not depend on temperature.
First, consider the polarized spectra with eI · eF =
1, eI × eF = 0. In the lowest order of the h¯vF qEG−h¯ωI , only
the total charge density operator contributes to the cor-
relation function χ(q, ω) (See Eq.(12)). The correlation
function can be computed easily.
Imχ
(0)
pol(q, ω) ∼
Lγ20 q
(EG − h¯ωI)2 gρ+δ(ω − vρ+q), (16)
As expected, a peak corresponding to the total charge
collective excitation appears with a dispersion relation
ω = vρ+q. Near resonance, the contribution from the
correction δN1 should be included. It is given by
Imχ
(1)
pol(q, ω) ∼
Lη21γ
2
0v
2
F
(EG − h¯ωI)4
[
∑
a
(g2a + g
−2
a + 2)
q3
6
δ(ω − vaq)
+
∑
a
Θ(ω − vaq) (g
2
a + g
−2
a − 2)
2va
(
(ω/va)
2 − q2)]. (17)
The most notable feature of Eq.(17) is the appearance
of the peaks corresponding to all of the collective exci-
tations (the first term in the bracket). The last term
in the bracket is some background negligible near the
peak, which was not explicitly evaluated by Sassetti and
Kramer. The dependence the peaks on the photon energy
and the momentum are identical with those of Sassetti
and Kramer’s results on the single-channel case. Inter-
estingly, the background disappears for non-interacting
electrons, i.e. all ga = 1. Thus, the magnitude of the
background can give some measure of interactions. At
finite temperature, the peak intensity q3 of (17) becomes
q(q2+T 2/v2σ+), which is also identical with that of single-
channel case [10].
Next consider the depolarized spectra with eI · eF =
0, |eI × eF | = 1. In the lowest order of h¯vF qEG−h¯ωi , only the
total spin operator contributes to the correlation function
in accordance with the classical selection rule (12).
Imχ
(0)
dep(q, ω) ∼
Lγ20 q
(EG − h¯ωI)2 gσ+δ(ω − vσ+q). (18)
Near resonance, the contributions from the correction
δN1 should be included. Recall that we did not impose
any special relations among velocities va and Luttinger
parameters ga. The contribution reads (ω, q > 0)
3
Imχ
(1)
dep(q, ω) ∼
Lv2F γ
2
1η
2
2
8(EG − h¯ωI)4
[
G1Θ(ω − vσ+q)Θ(qvρ+ − ω)(ω − vσ+q)(qvρ+ − ω)
+G2Θ(ω − vσ+q)(ω + vρ+q)(ω − vσ+q)
+G2Θ(ω − vρ+q)(ω + vσ+q)(ω − vρ+q)
+ (gρ/σ+, vρ/σ+ → gρ/σ−, vρ/σ−)
]
, (19)
where G1 =
(gρ+gσ++g
−1
ρ+
g−1
σ+
+2)
(vρ+−vσ+)3
, G2 =
(gρ+gσ++g
−1
ρ+
g−1
σ+
−2)
(vρ++vσ+)3
.
For generic values of va, ga the incoherent background ex-
ists starting from vσ+q (we assume vρ+ > vσ+ as in car-
bon nanotube systems). The second and the third term
of Eq.(19) vanish for non-interacting electrons (G2 → 0)
as in the polarized spectra. Thus, for generic interactions
the overall feature of the resonant depolarized spectra of
two-channel quantum wire is similar to that of single-
channel quantum wire.
In the case of FSCM, there are special relations among
velocities and Luttinger parameters specified by Eq.(8).
Since vρ− = vσ−, the following term Eq.(20) of Eq.(19)
becomes singular and should be reconsidered. For other
parts, we can simply substitute vρ− = vσ−.
(gρ−gσ− + g
−1
ρ−g
−1
σ− + 2)
(vρ− − vσ−)3
×Θ(ω − vσ−q)Θ(qvρ− − ω)(ω − vσ−q)(qvρ− − ω). (20)
When Eq.(20) is treated carefully in the limit [11] vρ− →
vσ−, gρ− → gσ−, it becomes
q3
6
(g2ρ− + g
−2
ρ− + 2) δ(vρ−q − ω). (21)
The above result implies that for the two-channel quan-
tum wires with special symmetry among interactions, the
”SPE” peak can also appear in the depolarized spec-
tra with the same momentum and photon energy depen-
dences as in the polarized spectra.
In summary, we have studied the resonant Raman
spectra of two-channel quantum wires. In resonant po-
larized spectra, all the collective excitations of the sys-
tem (not just charge and spin) give rise to the ”SPE”
peaks. For generic interactions without special symme-
try among interactions, no ”SPE” peak appear in the
resonant depolarized spectra. But if a certain symmetry
makes two velocities and Luttinger parameters coincide
then the ”SPE” peak can emerge in the depolarzied spec-
tra, too. The armchair (N,N) carbon nanotube systems
does have such a symmetry, and SPE peak in depolar-
ized spectra is expected. Experimental verifications of
the existence of SPE peak in depolarized configuration
in nanotubes or in other two-channel quantum wires are
proposed.
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